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Let M be an open manifold with a symplectic form Ω , and N a manifold with dimN <
dimM . We prove that submersions f : (M,Ω) → N with symplectic ﬁbres satisfy the
h-principle. Such submersions deﬁne Dirac manifold structures on the given manifold. As
an application to this result we show that CPn \CPk−1 admits a submersion into R2(2k−n)
with symplectic ﬁbres for n/2< k n.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A complete classiﬁcation of submersions on open manifolds was given by Phillips in [6]. In the language of h-principle
the result states that submersions on open manifolds satisfy the parametric h-principle (see Section 2). In this paper, we
prove a symplectic analogue of this result [3, 3.4.2].
Let M be a symplectic manifold with the symplectic form Ω and let N be any smooth manifold with dimN  dimM .
A submersion f :M → N will be called a symplectic submersion if the level sets of f are symplectic submanifolds of M .
Similarly, a bundle epimorphism F : TM → T N will be referred as a symplectic epimorphism if the kernel of F , denoted
by ker F , is a symplectic subbundle of TM . Note that the dimension of N in this case is necessarily even. Further in the
equidimensional case the symplectic submersions are nothing but the ordinary submersions.
The space of (smooth) symplectic submersion with the C∞-compact-open topology will be denoted by SΩ(M,N), while
the space of symplectic epimorphisms with the C0-compact-open topology will be denoted by EΩ(TM, T N). The main
result of this paper may be stated as follows.
Theorem 1.1. Let M be an open manifold with a symplectic form Ω and N be any manifold with dimN  dimM. Then every F0 in
EΩ(TM, T N) admits a homotopy Ft of symplectic epimorphisms such that F1 is the derivative of a symplectic submersion f1 . In other
words, the differential d induces a surjective map π0(SΩ(M,N)) → π0(EΩ(TM, T N)).
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open manifolds the only obstruction to the existence of a symplectic submersion is purely a topological one.
A submersion f :M → N induces a regular foliation F on M for which the leaves are given by the connected components
of the level sets of f . If f is a symplectic submersion then the foliation F is a regular Poisson foliation, where the Poisson
structure is induced by the global symplectic form Ω . Thus such an f induces a Dirac manifold structure on M . Recall that
a Dirac manifold is a triple (M,F ,Ω), where Ω is a pre-symplectic form on M and F is a regular foliation such that TF
is a symplectic subbundle of (TM,Ω). It is a general fact that every regular Poisson manifold can be naturally embedded in
a Dirac manifold [7].
We would like to mention here that, in [1], Bertelson classiﬁes all regular Poisson structures on a manifold M which
have a given foliation F as their canonical symplectic foliation. In fact, she proves the h-principle for all Poisson structures
on an ‘open foliated manifold’ (M,F) [1] with a regular foliation F as their canonical symplectic foliation. In contrast, we
look for regular (Poisson) foliations F on M for which the Poisson structures are induced by the given symplectic form Ω .
Let F be as in Theorem 1.1. Then K = ker F is a symplectic subbundle of TM . Let L denote the symplectic complement
of K . Then F |L : L → T N is a ﬁbrewise isomorphism. Conversely if L is a symplectic subbundle of TM , then any bundle map
G : L → T N which is a ﬁbrewise isomorphism, easily extends to a symplectic epimorphism by deﬁning F to be identically
zero on the symplectic complement of L. In view of this observation and the above theorem the existence of a symplectic
submersion f :M → N is reduced to the existence of a symplectic subbundle L of TM with a vector bundle isomorphism
G : L → T N .
If N is an Euclidean space then the existence of an F as in Theorem 1.1 implies that there are n linearly independent
vector ﬁelds on M which span a symplectic subbundle of TM . Let Fn(M) denote the bundle of n-frames associated with TM ,
for n m. A section of this bundle is called an n-frame ﬁeld on M . Thus, an n-frame ﬁeld is nothing but a set of n linearly
independent vector ﬁelds on M . An n-frame ﬁeld will be referred as a symplectic n-frame ﬁeld if these vector ﬁelds span
a symplectic subbundle of TM . (Warning: This does not mean that these vector ﬁelds deﬁne a symplectic basis at each
point of M .) If f :M → Rn is a submersion with coordinate functions f1, f2, . . . , fn , then we can deﬁne an n-frame ﬁeld
on M by taking the symplectic gradients of f i , i = 1,2, . . . ,n. Explicitly, the n-frame ﬁeld associated with f is given by
X f1 , . . . , X fn , where Ω( , X fi ) = dfi for i = 1,2, . . . ,n. We shall denote this frame by X f .
Corollary 1.2. Let M be an open symplectic manifold. Then every symplectic n-frame ﬁeld on M is homotopic (in the space of symplectic
n-frames) to an n-frame ﬁeld X f for some submersion f :M → Rn.
The organisation of the paper goes as follows: In Section 2 we recall the basic language of the theory of h-principle
and Gromov’s theorem on h-principle for open invariant relations on open manifolds. We prove an analogue of this result
(see [3, 3.4.2]) in Section 3 for open relations on open symplectic manifolds which are invariant under the group of sym-
plectic diffeomorphisms. Theorem 1.1 is obtained in Section 4 as an application of this theorem. In Section 5, we prove
Corollary 1.2 and discuss an application of this result.
2. Preliminaries
In this section we recall the basic language of the theory of h-principle and some results that we need in developing
this paper. We refer the reader to [3] for a detailed discussion.
Let M and N be smooth manifolds and let J r(M,N) denote the r-jet bundle associated with smooth maps from M to N .
There is a canonical projection p(r) : J r(M,N) → M which maps the r-jet of germ of a map at x onto x. This projection map
is a ﬁbration. A continuous map σ :M → J r(M,N) is called a section of the jet bundle if p(r) ◦ σ = idM . We denote the
space of sections of p(r) by Γ and endow it with the C0-compact-open topology.
A subset R of J r(M,N) is called a partial differential relation of order r. Let Γ (R) denote the space of sections of
J r(M,N) → M whose images lie in R. A Cr-function f :M → N is said to be a solution of R if the r-jet map jrf maps M
into R; in other words, jrf ∈ Γ (R). A section of p(r) is called holonomic if it is the r-jet map of a solution of R.
We denote the space of solutions of R by SolR, and endow it with the C∞-compact-open topology.
Deﬁnition 2.1. A relation R is said to satisfy the h-principle if a section of R can be homotoped within Γ (R) to a holonomic
section.
R satisﬁes the parametric h-principle if the r-jet map jr : SolR → Γ (R) is a weak homotopy equivalence.
Deﬁnition 2.2. A relation R is said to be an open relation if it is an open subset of the r-jet space J r(M,N).
Let Diff(M) denote the pseudogroup of local diffeomorphisms of M . Diff(M) has a natural action on the r-jet space
J r(M,N) as follows: If σ is a local diffeomorphism near x ∈ M and α ∈ J r(M,N) lies over σ(x) then the action is deﬁned
by σ .α =: jrf σ (x), where f is any representative of the r-jet α.
Let D denote a pseudosubgroup of Diff(M). A relation R is said to be D-invariant if it is invariant under the action
of D; that is σ .α ∈ R for σ ∈ D and α ∈ R.
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h-principle.
Further, if B is a closed subset of M such that IntM \ Op B has no compact connected component then any section of R which is
holonomic on Op B can be homotoped to a solution of R in such a way that the homotopy remains constant on Op B.
The pseudogroup Diff(M) plays a very crucial role in the proof of the above theorem. It not only keeps the relation
invariant but also ‘sharply moves’ any submanifold of M of positive codimension. We explain this concept in the following
deﬁnition.
Deﬁnition 2.4. Let d be a ﬁxed metric on M and let M0 be a submanifold of M of positive codimension. D is said to sharply
move M0 if given any hypersurface S in a small open set U of M and any ε > 0, there exists an isotopy δt , 0 t  1, in D
such that (i) δ0 is the identity map of U , (ii) δt ﬁxes all points outside an ε-neighbourhood of S and (iii) d(δ1(x),M) r for
all x ∈ S and for a given r > 0.
Given a relation R ⊂ J r(M,N), let Φ(M0) denote the space of germs of C∞ solutions of R near M0 and Ψ (M0) denote
the space of germs of C0 sections of R near M0 with ‘quasitopological structures’ (we refer to [3, 1.4.1] for a detailed
discussion on this). We now state a result of Gromov from [3, 2.2.3, 2.2.4].
Theorem 2.5. Let R ⊂ J r(M,N) be an open relation which is invariant under a pseudosubgroup D of Diff(M). If D sharply moves
a submanifold M0 of M of positive codimension then j(r) :Φ(M0) → Ψ (M0) is a weak homotopy equivalence. In other words the
solutions of R near M0 satisfy the parametric h-principle.
Theorem 2.3 can be easily deduced from the above theorem. Indeed, on an open manifold M there exists a Morse
function with critical points of indices strictly less than the dimension of M . This deﬁnes a simplicial complex K embedded
in M (called the core of M), with dim K < dimM , such that M is isotopic to an arbitrarily small neighbourhood of K . Hence,
given any open neighbourhood U of K there exists an embedding of M into U which is homotopic to the identity map of M .
On the other hand, by an application of Theorem 2.5 we get a solution of R deﬁned on some open neighbourhood U of K .
Composing this solution with the embedding of M into U we get a global solution of R.
3. h-principle for open relations on open symplectic manifolds invariant under symplectomorphism group
In this section we shall state and prove an analogue of Theorem 2.3 for open relations on open symplectic manifolds
which are invariant under the symplectic diffeomorphisms. Recall that a diffeomorphism δ of a symplectic manifold (M,Ω)
is called a symplectic diffeomorphism or a symplectomorphism if δ∗Ω = Ω .
Theorem 3.1. Let M be an open manifold with a symplectic form Ω . Let R be an open relation in J r(M,N) which is invariant under
the action of the pseudogroup of local symplectic diffeomorphisms of (M,Ω). Then R satisﬁes the h-principle.
We ﬁrst recall the following lemma from [2, 12.2.2].
Lemma 3.2. Let (M˜, ω˜) be a symplectic manifold without boundary and let M be an equidimensional submanifold of M˜ with boundary.
Suppose, ωt , 0 t  1, is a family of symplectic forms on M with boundary which belong to the same cohomology class in H2(M). If
ω˜|M = ω0 , then there exists a regular homotopy ft :M → M˜ such that ωt = f ∗t ω˜, where f0 is the inclusion map.
Further, suppose that M0 is a compact subset of M lying in its interior and ωt = ω0 on a neighbourhood of M0 . If the forms ωt
belong to the same relative cohomology class in H2(M,M0) then we can choose ft so that ft(x) = x for all x in some neighbourhood
of M0 .
Corollary 3.3. Let M be an open symplectic manifold and let K be the core of M. Then there exists a homotopy of symplectic immersions
ft : (M,Ω) → (M,Ω), 0 t  1, such that f0 = idM and f1(M) ⊂ U for a given open neighbourhood of U in M.
Proof. Let K be the core of M . We can write M as an increasing union of equidimensional submanifolds Mi with boundary
such that
(1) M0 is a neighbourhood of K in M , and
(2) Mi+1 = Mi ∪ (∂Mi × [0,1]); in particular, closureMi ⊂ interiorMi+1 and Mi is a deformation retract of Mi+1.
(If M is compact with boundary then this sequence terminates after two elements.)
Our aim is to construct, for each i = 0,1,2, . . . , a homotopy of immersions, f it :M → M , having the following properties:
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(2) f i1(M) ⊂ U ;
(3) f it = f i−1t on Mi−1;
(4) ( f it )
∗Ω = Ω on Mi .
Given the existence of the above sequence of homotopy, we may deﬁne ft(x) = limi→∞ f it (x). Clearly, f0 is the identity
map of M and f1 maps M into the closure of U . Moreover, ft is a homotopy of symplectic immersions.
We shall now construct by iteration the sequence f it , 0  t  1. Supposing that f it has already been constructed, let
ωt = ( f it )∗Ω . Then ω0 = Ω , each ωt is symplectic and ωt = Ω on Mi . By an application of the parametric version of
Lemma 3.2, there exists a regular homotopy gt,s :Mi+2 → M , (t, s) ∈ [0,1] × [0,1], such that
(1) gt,0 and g0,s are the inclusion map of Mi+2 in M .
(2) (gt,s)∗ωt = ω(1−s)t ; in particular, g∗t,1ωt = ω0 = Ω .
(3) Since the relative cohomology group H2(Mi+2,Mi) vanishes (there exists a homotopy αt of 1-forms vanishing on Mi
and satisfying ωt −ω0 = dαt for all t ∈ [0,1] and hence) gt,s can be chosen to be a constant homotopy on Mi .
Deﬁne f i+1t = f it ◦ gt,1 :Mi+2 → M so that ( f i+1t )∗Ω = Ω on Mi+2 and f i+1t = f it on Mi . Finally, f i+1t |Mi+1 can be lifted
to a homotopy of immersions on M which we shall denote by the same symbol. This has all the desired properties.
To start the process, we observe that, since M is an open manifold and K is its core, there exists an isotopy φt :M → M
of embeddings such that φ0 = id and φ1(M) ⊂ U . Let ωt = φ∗t Ω . Then ω0 = Ω and ωt is a family of symplectic forms on M
in the cohomology class of Ω . The construction of f 0t now follows from the above by taking M−1 = ∅. 
Example 3.4. Here is an explicit description of a symplectic immersion of R2 into the unit disc D2 of R2. Let f :R → (0, 12 )
be a diffeomorphism onto the open interval (0, 12 ). Deﬁne two maps φ :R
2 → (0, 12 )×R and ψ : (0, 12 )×R → D2 as follows:
φ(x, y) = ( f (x), y/ f ′(x)), ψ(x, y) = (√2x cos y,√2x sin y).
It may be easily veriﬁed that ψ ◦ φ :R2 → D2 is a symplectic immersion.
Proof of Theorem 3.1. Since M is an open manifold there is a smooth function f on M which has no local maxima. The
Morse complex K of such an f has codimension greater than or equal to 1.
Let D denote the pseudogroup of strictly exact symplectic diffeomorphisms of (M,Ω) (see [3, 3.4.1]). Gromov proves
in [3, 3.4.1] that D sharply moves any submanifold of M of positive codimension. Since dim K < dimM and R is an open
relation invariant under D, it follows from Theorem 2.5 that there exists a homotopy Ft of sections of R which is deﬁned
over some open neighbourhood U of K and is such that F1 is holonomic. Let ft :U → N , 0 t  1, denote the underlying
map of Ft .
By Corollary 3.3 there exists a homotopy of symplectic immersions gt : (M,Ω) → (M,Ω) such that g0 = idM and
g1(M) ⊂ U . Since R is invariant under the action of local symplectic diffeomorphisms, composing the homotopy Ft with dg1
we obtain a homotopy of sections in R between (F0 ◦dg1, f0 ◦ g1) and (F1 ◦dg1, f1 ◦ g1). On the other hand (F0 ◦dgt, f0 ◦ gt)
deﬁnes a homotopy of sections in R between (F0, f0) and (F0 ◦dg1, f0 ◦ g1). This completes the proof of the theorem since
F1 ◦ dg1 is holonomic. 
Remark 3.5. The homotopy joining f0 and f1 ◦ g1 in the above lemma cannot be constrained to lie in a given C0 neighbour-
hood of f0 unlike in the Symplectic Immersion Theorem for dimM < dimN .
We would like to mention here that symplectic immersions between equidimensional manifolds satisfy the ordinary
h-principle [3, 3.4.2(A)]. This follows from the proof of the symplectic immersion theorem [3, 3.4.2] together with Corol-
lary 3.3.
4. Proof of Theorem 1.1
We shall prove Theorem 1.1 using Lemmas 4.1 and 4.2.
Let (M,Ω) be a symplectic manifold and N any smooth manifold. We consider smooth submersions f :M → N such
that the level sets of f are symplectic submanifolds of M . Such maps correspond to the solution space of the relation R
deﬁned by the following conditions: R consists of all 1-jets (x, y,α) such that
α : TxM → T yN is an epimorphism and Ω|kerα is non-degenerate.
Lemma 4.1. R is an open relation.
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the space of all linear maps from V to W . It will be enough to show that all epimorphisms α : V → W such that Ω|kerα is
non-degenerate, form an open subset of L(V ,W ).
Let Epi(V ,W ) denote the open subset of L(V ,W ) consisting of all epimorphisms and let Grk(V ) denote the Grassman-
nian of k planes in V , where k = dimM − dimN . Observe that the map Φ : Epi(V ,W ) → Grk(V ) which takes β onto kerβ
is continuous.
To see this, we ﬁx an α ∈ Epi(V ,W ). Let Kα = kerα and let Tα be a complementary subspace so that V = Tα ⊕ Kα . Let
πα denote the projection map πα : V → Kα relative to this decomposition so that kerπα = Tα . Recall that the sets
U (α) = {K ∈ Grk(V ): πα |K : K → Kα is an isomorphism
}
are subbasic open sets for the topology of the Grassmannian manifold.
We now note that
β ∈ Φ−1(U (α)) ⇔ Φ(β) = kerβ ∈ U (α)
⇔ πα |kerβ : kerβ → Kα is an isomorphism
⇔ kerβ ∩ Tα = {0}
⇔ β|Tα : Tα → W is an isomorphism.
Hence Φ−1(U (α)) is open. This proves the continuity of Φ .
Finally, the map Ψ :U (α) → Λ2(Kα) deﬁned by K → [iK (πα |K )−1]∗(Ω) is continuous; indeed, it can be expressed as
the composition of two continuous maps, namely, ψ1 :U (α) → L(Kα, V ) and ψ2 : L(Kα, V ) → Λ2(Kα) deﬁned by ψ1(K ) =
iK (πα |K )−1 and ψ2(β) = β∗Ω , where iK denotes the inclusion map of K in V . The continuity of ψ1 follows easily if we
recall the identiﬁcation of U (α) with the space L(Kα, Tα).
Finally we note that Ψ (Kα) = Ω|Kα is non-degenerate. Consequently, there is an open set Vα containing Kα such that[iK ◦ (πα |K )−1]∗Ω is non-degenerate for all K ∈ Vα . This implies that i∗KΩ is non-degenerate for all K ∈ Vα . 
Lemma 4.2. The relation R is invariant under the action of the symplectomorphisms of (M,Ω).
Proof. Let α : V → W be a surjective linear map such that Ω|kerα is symplectic. Let  : V → V be a linear isomorphism
such that ∗Ω = Ω . Then ker(α ◦ ) = −1(kerα). Since Ω|kerα is non-degenerate and ∗Ω = Ω we obtain Ω|ker(α◦) is
non-degenerate. This completes the proof of openness of the set of all epimorphisms α : V → W such that Ω|kerα is non-
degenerate. Hence R is invariant under the action of symplectic diffeomorphisms. 
Proof of Theorem 1.1. Theorem follows from the above lemmas in view of Theorem 3.1. 
5. Applications
We begin this section with the proof of Corollary 1.2. Recall that if f is a submersion with coordinate functions
f1, f2, . . . , fn then the Hamiltonian vector ﬁelds (or symplectic gradients) X f1 , X f2 , . . . , X fn are linearly independent. Hence,
they deﬁne an n-frame ﬁeld on M . Moreover, if kerdf is a symplectic subbundle of (TM,Ω), then the subspace spanned
by these vector ﬁelds is a symplectic subbundle of TM . To see this, observe that kerdf =⋂ni=1 kerdfi ; consequently, kerdf
is the symplectic complement of the subspace spanned by the vector ﬁelds X fi , i = 1,2, . . . ,n. Now, since kerdf is a sym-
plectic subbundle of (TM,Ω), so is the subspace spanned by the Hamiltonian vector ﬁelds.
Now, suppose that F : TM → TRn is an epimorphism for which ker F is a symplectic subbundle of (TM,Ω). Then the
symplectic complement of ker F , denoted by (ker F )Ω , is a symplectic subbundle of TM . Moreover, (ker F )Ω is isomorphic
to the trivial vector bundle f ∗(TRn), where f is the underlying map of F . Hence, there is a canonical choice of n-frame
ﬁeld on M deﬁned via this isomorphism. On the other hand, suppose X1, X2, . . . , Xn be a symplectic n-frame ﬁeld on M .
Let L denote the subbundle spanned by these vector ﬁelds and let K be the symplectic complement of L. Since the chosen
frame ﬁeld is symplectic, K is a symplectic subbundle. We now deﬁne an epimorphism F : TM → TRn (over a constant
map) whose kernel is K and which takes X1, X2, . . . , Xn onto the coordinate vector ﬁelds of Rn .
The corollary now follows from Theorem 1.1 together with the above observation.
Remark 5.1. Submersions f :M → Rn obtained by Corollary 1.2 deﬁne transversely orientable, symplectic foliations on M .
Remark 5.2. Given any symplectic form on a manifold M there is a compatible almost complex structure J which turns the
tangent bundle into a complex vector bundle. In fact, the maximal compact subgroup of Sp(2n) can be identiﬁed with the
unitary group U (n) [5]. Therefore, it is enough to get a complex n-frame ﬁeld on (M, J ) in order to conclude the existence
of a symplectic submersion f :M → R2n .
1806 M. Datta, Md.R. Islam / Topology and its Applications 156 (2009) 1801–1806Example 5.3. Let Mk denote the manifold CPn \ CPk−1, 0 < k  n. Then Mk deforms onto CPn−k and hence TMk|CPn−k
has a p-frame ﬁeld if and only if TMk has a p-frame ﬁeld. Since TMk is a complex vector bundle of ﬁbre dimension n,
it follows from the general theory of bundles that TMk|CPn−k has a complex p-frame ﬁeld, where p satisﬁes the relation
n− p  2(n−k)−1 [4]; that is 0< p  2k−n. Hence, for n/2< k n, there is a symplectic submersion of Mk into R2(2k−n) .
In particular, if n is even then there exists a symplectic submersion CPn \ CPn/2 → R4. The case k = n says that there is
a submersion CPn \ CPn−1 → R2n , in other words Mn is trivialisable which is true indeed.
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